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Primordial black holes (PBHs) are of fundamental interest in cosmology and astrophysics, and have
received much attention as a dark matter candidate and as a potential source of gravitational waves.
One possible PBH formation mechanism is the gravitational collapse of cosmic strings. Thus far,
the entirety of the literature on PBH production from cosmic strings has focused on the collapse of
(quasi)circular cosmic string loops, which make up only a tiny fraction of the cosmic loop population.
We demonstrate here a novel PBH formation mechanism: the collapse of a small segment of cosmic
string in the neighbourhood of a cusp. Using the hoop conjecture, we show that collapse is inevitable
whenever a cusp appears on a macroscopically-large loop, forming a PBH whose mass is smaller than
that of the loop by a factor of the dimensionless string tension Gµ. Since cusps are generic features
of cosmic string loops, and do not rely on finely-tuned loop configurations like circular collapse, this
implies that cosmic strings produce PBHs in far greater numbers than has previously been recognised.
The resulting PBHs are highly spinning and boosted to ultrarelativistic velocities; they populate a
unique region of the BH mass-spin parameter space, and are therefore a “smoking gun” observational
signature of cosmic strings. We derive stringent new constraints on Gµ from the evaporation of
cusp-collapse PBHs, and update existing constraints on Gµ from gravitational-wave searches.
I. INTRODUCTION
Primordial black holes (PBHs) have held a prominent
place in theoretical cosmology and astrophysics for more
than 50 years [1–4], playing a wide variety of possible
phenomenological rôles. Their original motivation was as
a source of Hawking radiation [5–7], and this remains an
important line of research today [8, 9]. They are natural
and well-motivated dark matter (DM) candidates, being
massive, nonbaryonic, nonrelativistic, and interacting only
through gravity [10–12]. Binary PBHs are interesting
potential sources of gravitational waves (GWs) [13–19],
and are a possible formation channel for the unexpectedly
massive BH binaries observed by Advanced LIGO and
Advanced Virgo [20–23] in their first two observing runs
(O1 and O2) [24–26]. PBHs could also act as the seeds for
the formation of cosmic structures [27, 28], particularly
the supermassive black holes (SMBHs) observed at the
centres of most galaxies [29–31].
The most commonly-invoked mechanism for PBH form-
ation is the collapse of large overdensities in the early
Universe. However, this is only possible if the primor-
dial power spectrum has a very large amplitude at small
scales, which typically requires a certain degree of infla-
tionary model building and fine tuning1 —either in terms
of the inflationary field content [33], or in terms of adding
features to the inflaton potential [34]—and is subject to
constraints from CMB measurements of the power spec-
trum at large scales [35, 36] by the Planck satellite [37–39].
These constraints become much stronger in the presence
of primordial non-Gaussianity, as PBH formation then
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1 See however Ref. [32] for a recent exception.
sources large isocurvature modes [40–42] which are ruled
out by Planck [39]. Given a generic inflationary theory,
there is therefore no guarantee of PBH formation. It is
thus of great interest to find alternative PBH formation
mechanisms that are as generic as possible.
One such alternative is the gravitational collapse of
cosmic strings [43–46]: 1+1-dimensional topological de-
fects which are generic predictions of many extensions to
the Standard Model [47]. On macroscopic scales, cosmic
strings are effectively described by a single parameter—
their tension µ, which is conventionally written in the
dimensionless combination Gµ, and is linked to the en-
ergy scale η at which the cosmic strings are formed by
the relation Gµ ∼ (η/MP)2  1, where MP is the Planck
mass. This tension characterises the gravitational influ-
ence of the strings, and is subject to constraints of order
Gµ . 10−7 from CMB observations [48–50] and of order
Gµ . 10−11 from GW searches [51–57]. Hawking first
showed in Ref. [58] that PBH formation is the inevit-
able endpoint of the evolution of circular cosmic string
loops,2 and PBH formation from circular loop collapse has
remained an active research topic ever since [59–68]. How-
ever, (quasi)circular collapse is only possible if all three
components of the loop’s angular momentum are smaller
than those of a typical loop by a factor of ∼ Gµ [46].
This mechanism is thus finely-tuned, and only a very
small fraction of the cosmic loop population is expected
to collapse in this way.
2 Strictly speaking this is untrue for loops of length ` .
`P(Gµ)
−3/2 ≈ 10−18 m × (Gµ/10−11)−3/2 (where `P is the
Planck length), which unwind and disperse before they become
compact enough to form a PBH [59, 60]. However, we are in-
terested in macroscopically-large loops, which lie well above this
dispersion regime for any value of Gµ consistent with observa-
tional constraints.
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2In this Article, we show that circular loop collapse is not
the dominant mechanism for PBH formation from cosmic
strings. We demonstrate, using the hoop conjecture [69,
70], that cusps on cosmic string loops must inevitably
collapse to form PBHs. Since cusps are generic features
of cosmic string loops [44–46, 71], and do not rely on
finely-tuned loop configurations like circular collapse, this
implies that the rate of PBH formation from cosmic strings
has been drastically underestimated in the prior literature.
The remainder of this Article is structured as follows.
In Sec. II we recall the flat-space equations of motion
for cosmic string loops in the Nambu-Goto approxima-
tion. In Sec. III we describe the hoop conjecture, and
show that it implies PBH formation on cosmic string loops
whenever part of the loop passes a given velocity threshold.
In Sec. IV we show that cusps satisfy this condition for
the hoop conjecture, and must therefore form PBHs. In
Sec. V we estimate the properties of the resulting PBHs,
and show that they are highly spinning and boosted to
ultrarelativistic velocities. In Sec. VI we make our results
even more generic by considering pseudocusps, and show-
ing that they too collapse if they pass a certain threshold.
In Sec. VII we argue that gravitational backreaction acts
too slowly to prevent PBH formation. In Sec. VIII we
discuss the radiation of mass, linear momentum, and an-
gular momentum from the collapse. In Sec. IX we explore
the qualitative behaviour of the loop-PBH system follow-
ing the collapse. In Sec. X we calculate the PBH mass
spectrum resulting from a network of cosmic string loops,
and derive stringent new constraints on Gµ from PBH
evaporation. In Sec. XI we argue that cusp-collapse PBHs
inhabit a unique region of the BH mass-spin parameter
space. In Sec. XII we estimate the GW emission from
cusp collapse, calculate the corresponding stochastic GW
energy spectrum, and derive updated constraints on Gµ
from LIGO/Virgo observations and from Pulsar Timing
Arrays (PTAs), as well as updated forecasts for LISA [72].
Finally, in Sec. XIII we summarise our results. Through-
out, we use units with c = 1 and G, ~ 6= 1, and use the
relativist’s metric signature (−,+,+,+).
II. NAMBU-GOTO LOOP DYNAMICS
When studying the gravitational effects of cosmic
strings, it is usually convenient to use the Nambu-Goto
approximation, in which the string is treated as a classical
object with zero thickness. This is a good approximation
for string loops larger than a critical size,
`∗ ≡ δ
Gµ
≈ `P
(Gµ)3/2
≈ 5.1× 10−19 m ×
(
Gµ
10−11
)−3/2
,
(1)
where δ ≈ (µ/~)−1/2 is the string width, and `P is the
Planck length. Loops smaller than `∗ rapidly lose their
energy through particle radiation [45, 73] or through topo-
logical unwinding and dispersion [59, 60], and are therefore
uninteresting for our purposes.
We consider the dynamics of Nambu-Goto cosmic
strings in flat spacetime, which is a good approximation
on scales much smaller than the cosmological horizon and
much larger than the string width. The string’s trajectory
traces out a 1+1-dimensional surface called the worldsheet.
This is parameterised by the coordinates (τ, σ), with its
embedding in the flat background given by Xµ(τ, σ). For
a closed loop, σ is periodic in some interval [0, `).
We eliminate the gauge freedom of the worldsheet co-
ordinates by choosing τ such that τ = t = X0, and
choosing σ such that the worldsheet is conformally flat.
We further choose our coordinates in the external space-
time such that the loop’s centre of mass is stationary. The
equations of motion for the loop’s position X(t, σ) are
then [46, 71, 74]
X¨ = X ′′, |X˙|2 + |X ′|2 = 1, X˙ ·X ′ = 0, (2)
where dots and primes denote derivatives with respect
to t and σ, respectively. We can decompose the solution
into left- and right-moving modes,
X(t, σ) =
1
2
[X+(σ+) +X−(σ−)], σ± ≡ t± σ. (3)
Imposing Eq. (2) then gives the constraint
|X˙+| = |X˙−| = 1. (4)
The resulting loop solutions oscillate with period `/2, with
their coordinate length
∫ `
0
dσ |X ′| oscillating over time.
However, ` itself remains constant (neglecting for now
gravitational radiation from the loop), and is the length
the loop would have if it were stationary—we refer to it
as the “invariant length.”
The energy-momentum tensor of the loop is derived
from the Nambu-Goto action, and is given by an integral
over σ,
Tµν(t,x) = µ
∫ `
0
dσ (X˙µX˙ν −X ′µX ′ν)δ(3)[x−X(t, σ)].
(5)
In particular, its mass density is
T00(x) = µ
∫ `
0
dσ δ(3)[x−X(t, σ)], (6)
which shows that the loop’s total mass is constant, and is
equal to the invariant length times the tension,
Mloop =
∫
Σt
d3xT00 = µ`, (7)
where Σt is any hypersurface of constant t.
III. THE HOOP CONJECTURE
The hoop conjecture, first formulated by Thorne in
Ref. [69], is a powerful diagnostic for the formation of
3x
t
γ = 1
4piGµ
Figure 1. A collapsing circular cosmic string loop (in blue)
forms a PBH (in grey) once its Lorentz factor satisfies Eq. (10).
BH horizons, which circumvents the need to solve the
full nonlinear Einstein equation. The conjecture states
that “horizons form when, and only when, a mass M gets
compacted into a region whose circumference in every
direction is C ≤ 4piGM ” [70]. In other words, if a sphere
containing massM fits inside its own Schwarzschild radius
rS ≡ 2GM , it must form a black hole. This conjecture
is intentionally somewhat vaguely defined; in particular,
there is no unambiguous way to assign a mass to the grav-
itational field inside the sphere.3 For the present situation,
we include only the mass due to the matter fields,
Msphere ≡
∫
Br
d3xT00(t,x), (8)
where Br is a ball of radius r, and the mass is a function
of time and of the centre of the ball.4 The hoop conjecture
then predicts BH formation if
2GMsphere
r
≥ 1. (9)
which we refer to as the “hoop condition.”
We are interested in cosmic string loops which lead to
PBH formation, i.e., solutions to Eq. (2) which satisfy
the hoop condition (9) at some point in their evolution.
The simplest example is a circular loop, which contracts
at an accelerating rate until the entire loop is compact
3 Doing so would require a quasi-local measure of gravitational
mass in GR, which is a notoriously difficult open problem. See
Ref. [75] for a review.
4 We emphasise that including only the mass due to the matter
fields is a conservative choice, as neglecting the mass due to the
gravitational field means that we are underestimating the “total”
quasi-local mass inside the sphere, however that is to be defined.
As such, we must sacrifice the “only when” part of the hoop
conjecture, but this is inessential for our purposes here.
enough to form a PBH, as illustrated in Fig. 1. This
occurs within a single loop oscillation period, and results
in a PBH of mass MPBH ∼Mloop = µ`, which is smaller
than the original loop by a factor of Gµ. One can show
that the horizon forms only once the loop’s Lorentz factor
satisfies
γ =
1
4piGµ
. (10)
For observationally-relevant values of Gµ, this corres-
ponds to an ultrarelativistic contraction velocity v '
1 − 8pi2(Gµ)2, and we can understand the PBH forma-
tion as being due to relativistic length contraction. This
mechanism for PBH formation from (quasi)circular loops
has been studied extensively in the literature [58–68].
However, circular collapse is only possible if all three com-
ponents of the loop’s angular momentum are smaller than
those of a typical loop by a factor of ∼ Gµ [46]. Circu-
lar collapse is thus finely-tuned, and only a very small
fraction of the cosmic loop population are expected to
collapse in this way.
This naturally leads one to ask whether generic (i.e.
noncircular) loops can form PBHs. It is easy to see
intuitively that a Lorentz factor of order γ ∼ (Gµ)−1
like that in Eq. (10) is a necessary condition for PBH
formation, even for noncircular loops. Suppose we want
to form a PBH which contains some fraction f of the
loop’s mass, MPBH = fµ`, corresponding to a σ interval
of ∆σ = f`. This length of string must be compacted
into a region of diameter . 2rS = 4GMPBH. The ratio
between this lengthscale and the corresponding σ interval
is related to the loop’s tangent vector,
|X ′| ≡ d|X|
dσ
≈ ∆|X|
∆σ
. 4GMPBH
f`
= 4Gµ. (11)
We can relate the tangent vector to the loop’s dynamics
by rearranging the second equation in (2) to get
|X ′| =
√
1− |X˙|2 = 1
γ
, (12)
which shows that the hoop condition is generically satisfied
if part of the loop has a large enough Lorentz factor,
γ & 1
4Gµ
. (13)
This is not a sharp bound, just an order-of-magnitude
estimate. The corresponding (exact) inequality (10) for
circular loops agrees to within a factor of pi. We expect
Eq. (13) to have a similar level of accuracy for generic
loop configurations.
Note that in the above argument we have not assumed
that the entire loop must be moving at such high velocities,
only some fraction f of it. This is in contrast with the lit-
erature on (quasi)circular loop collapse, which has looked
exclusively at cases where all of the loop’s mass ends up
4behind the PBH horizon.5 The argument sketched above
therefore suggests a change in focus: rather than looking
at PBH formation from loops, we should be concerned
with PBH formation on loops.
IV. PBHS FROM CUSP COLLAPSE
Solutions to Eq. (2) generically contain cusps: points
on the loop which instantaneously reach the speed of
light, |X˙| = 1 [44–46, 71]. The Lorentz factor at a cusp
diverges, instantaneously compacting a finite fraction of
the loop’s mass into an infinitesimally small region. In
light of Eq. (13), it is clear that cusps should therefore
generically lead to some fraction of the loop’s mass being
enclosed behind a horizon, as illustrated in Fig. 2.
We can demonstrate this explicitly by considering the
behaviour of solutions to Eq. (2) near a cusp. Choosing
our coordinates such that the cusp occurs at t = σ = 0,
we can Taylor-expand the left- and right-moving modes
as
X±(σ±) = nˆσ± +
1
2
X¨±σ2± +
1
6
...
X±σ3± +O
(
σ4±
)
, (14)
where nˆ is a unit vector, and the higher derivatives are
evaluated at the cusp. (This is similar to the approach
in Ref. [76] for calculating the GW emission from cusps.)
Differentiating Eq. (4) gives the constraints
nˆ · X¨± = 0, nˆ ·
...
X± = −|X¨±|2. (15)
The position and velocity of the loop near the cusp at
time t = 0 are
X0(σ) ≡ 1
2
[X+(σ) +X−(−σ)] = 1
2
X¨σ2 +O(σ3),
X˙0(σ) ≡ 1
2
[X˙+(σ) + X˙−(−σ)] = nˆ+ 1
2
...
Xσ2 +O(σ3),
(16)
so that the distance from the cusp as a function of σ is
given by
r0(σ) =
√
X0 ·X0 = 1
2
|X¨|σ2 +O(σ3). (17)
We see that the fact that X˙+ = X˙− = nˆ at the cusp
means that there is no term of order σ in Eq. (17), and
the distance grows much more slowly for small σ than it
would on a non-cuspy part of the loop; this is the crucial
ingredient for fulfilling the hoop condition.
Consider now a sphere of radius r  `. We see from
Eq. (17) that the portion of the loop contained in the
5 In fact, Ref. [61] briefly mentions the possibility of forming a
PBH from just part of the loop, but does not discuss this idea in
any detail.
x
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Figure 2. A segment of a cosmic string loop (in blue) becomes
more compact as it develops a cusp. Once it satisfies the hoop
condition (9) it collapses to form a PBH (in grey).
sphere is given by −σ∗ ≤ σ ≤ σ∗, where σ∗  ` is defined
by r = r0(σ∗), such that
σ∗ =
(
2r
|X¨|
)1/2
. (18)
Using Eqs. (6), (8), and (18), we see that the mass con-
tained in the sphere is
Msphere = µ
∫ +σ∗
−σ∗
dσ = 2µσ∗ =
(
8µ2r
|X¨|
)1/2
. (19)
The hoop condition (9) is therefore satisfied if r|X¨| ≤
32(Gµ)2, with the limiting PBH mass being
MPBH =
16Gµ2
|X¨| . (20)
The fact that Eq. (20) depends on the cusp’s acceler-
ation |X¨| rather than its velocity may seem surprising
at first, but we can understand this intuitively by using
Eqs. (2) and (12) to write |X¨| = |X ′′| = d(1/γ)dσ . The
acceleration therefore tells us about the rate of change of
the Lorentz factor along the loop, and thus controls the
size of the region that satisfies the hoop condition, which
sets the PBH mass. We can estimate the acceleration at
the cusp by noting that generic solutions for X can be
written as a sum of Fourier modes,
X =
∞∑
n=1
[
X
(n)
+ exp
(
2piinσ+
`
)
+X
(n)
− exp
(
2piinσ−
`
)]
.
(21)
Consider first the unrealistic case of a solution with a single
mode n. Since |X˙| = 1 at the cusp, we would then have
|X¨| = 2pin/`. For a more realistic solution, there are cross-
terms from various different modes, but in general we can
write |X¨| = 2pin¯/`, where the “effective mode number” n¯
is of order unity for smooth strings, and becomes larger for
5very wiggly strings. One generally expects gravitational
backreaction to dampen higher-order modes, which would
dynamically drive n¯ towards smaller values over time.
We therefore find that cusps lead to the formation of
PBHs with mass
MPBH =
8
pin¯
Gµ2` ≈ GµMloop, (22)
which are a factor of Gµ smaller than those formed from
circular collapse. This is a generic prediction for all
Nambu-Goto loops. By using the Nambu-Goto approx-
imation, we have assumed throughout that the cosmic
strings have zero width; however, the result should be
robust so long as the radius of the PBH is much larger
than the string width. This is true so long as
` & δ
(Gµ)2
=
`∗
Gµ
≈ 5.1×10−8 m ×
(
Gµ
10−11
)−5/2
, (23)
which corresponds to a minimum PBH mass of
Mmin ≈ δ
G
≈ η ≈ MP
(Gµ)1/2
≈ 6.9 g ×
(
Gµ
10−11
)−1/2
,
(24)
where we recall that η is the energy scale at which the
cosmic strings are formed. We thus see that there are three
different classes of loops, corresponding to three broad
ranges of loop lengths: loops smaller than `∗ ≡ δ/(Gµ)
are driven by particle radiation (as mentioned before),
loops larger than `∗/(Gµ) generically form PBHs from
cusps, and loops inbetween are unchanged compared to
the standard treatment in the literature. These different
regimes are summarised in Fig. 4.
V. PROPERTIES OF THE PBHS
We can estimate the properties of the PBHs formed
through cusp collapse by assuming that all of the energy-
momentum inside the sphere of radius 2GM at time t = 0
is trapped behind the horizon. Using Eq. (5), the PBH’s
linear and angular momenta are then given by
P i =
∫
Br
d3xT 0i(0,x) = µ
∫ +σ∗
−σ∗
dσ X˙i0,
J i =
∫
Br
d3x εijkx
jT 0k(0,x) = µ
∫ +σ∗
−σ∗
dσ εijkX
j
0X˙
k
0 ,
(25)
where εijk is the 3-dimensional Levi-Civita symbol. In-
serting the leading-order terms from Eq. (16), and using
M = 2µσ∗ = 16Gµ2/|X¨|, we find
P = M
[
nˆ+
32(Gµ)2
3
...
X
|X¨|2
]
, J =
2GM2
3
X¨
|X¨| × nˆ.
(26)
Thus we see that immediately after formation, the PBH
is moving in the cusp direction nˆ with an ultrarelativistic
X¨
nˆ
J
Figure 3. An illustration of the PBH (in grey) immediately
after formation. The cusp acceleration X¨, cusp velocity nˆ,
and PBH angular momentum J are all orthogonal to each
other. The cosmic string (in blue) punctures the horizon at
two points separated by a small angle ∼ Gµ, with its cusp
hidden behind the horizon.
velocity v = |P |/M ≈ 1. In fact, the PBH’s Lorentz factor
is of the same order of magnitude as our estimate (13),
γ ≤
√
3
128
(Gµ)−1, (27)
where we have used Eq. (15) and the triangle inequality
|X¨+|2 + |X¨−|2 ≥ |X¨+ +X¨−|2. We also see that the PBH
is spinning around an axis orthogonal to both the cusp’s
velocity nˆ and its acceleration X¨, as illustrated in Fig. 3,
with a dimensionless spin parameter
χ ≡ |J |
GM2
= 2/3 (28)
that is two-thirds of the extremal Kerr value χ = 1. This
large spin is a direct consequence of the orthogonality
of the cusp’s velocity and acceleration, as enforced by
Eq. (15).
The loop punctures the PBH horizon at two points,
corresponding to the position of the loop at (t, σ) =
(0,±σ∗). Using the expansion (16) for X0(±σ∗), we see
that both points lie very near to the X¨ axis, which is in
the PBH’s equatorial plane. By continuing the expansion
to at least O(σ3), one can show that
cos θ∗ ≡ X0(σ∗) ·X0(−σ∗)|X0(σ∗)||X0(−σ∗)| = 1 +O
(
σ2∗
)
, (29)
which implies that the angle between the two puncture
points is θ∗ ∼ σ∗/` ∼ Gµ, and thus that both points are
very close to the equatorial plane. (This is important for
our discussion of the subsequent dynamics of the loop
near the PBH in Section IX.)
6Accounting for the finite string width δ, we see that
these two puncture points are so close that it is possible
for the loop to self-intersect at the PBH horizon. Using
simple trigonometry, the separation between the puncture
points on the horizon is roughly
2GMPBH tan
θ∗
2
∼ (Gµ)3`, (30)
so the loop self-intersects at the horizon if this separation
is smaller than the string width δ, which occurs if
` . δ
(Gµ)3
=
`∗
(Gµ)2
≈ 5.1 km×
(
Gµ
10−11
)−7/2
. (31)
In this case, one would expect the string to intercom-
mute near the horizon, meaning that the PBH would be
immediately chopped off from the loop at formation.
VI. PBHS FROM PSEUDOCUSP COLLAPSE
Consider now a generic loop segment at some time t = 0,
whose configuration is locally described by
X±(σ±) = nˆ±σ± +
1
2
X¨±σ2± +O
(
σ3±
)
. (32)
If nˆ+ = nˆ−, the point σ = 0 is a cusp with a divergent
Lorentz factor γ →∞, which forms a PBH as described
above. Our simple argument in Eq. (13) suggests that a
divergent Lorentz factor is sufficient but not necessary for
PBH formation; all we need is γ = O(1/Gµ). We therefore
expect PBH formation in situations where κ ≡ |nˆ+− nˆ−|
is nonzero, so long as κ is small enough. We refer to points
on the loop where κ is small but nonzero as “pseudocusps.”
In order to estimate how small κ must be, we generalise
Eq. (17) to give the distance from the pseudocusp for
small σ at time t = 0,
r20(σ) '
σ2
2
(1−nˆ+·nˆ−)+σ
3
4
(nˆ+·X¨−−nˆ−·X¨+)+σ
4
4
|X¨|2.
(33)
Defining the angle between the left- and right-moving
mode velocities, cos−1 nˆ+ · nˆ− = κ+O
(
κ3
)
, we find to
leading order that
r0(σ) ≈ 1
2
κ|σ|+ 1
2
|X¨|σ2, (34)
where we have used the constraints (15), and have approx-
imated (nˆ+− nˆ−) · X¨ ≈ κ|X¨|. Repeating the arguments
leading to Eq. (20), we find that a PBH forms so long as
κ < 8Gµ, with the corresponding mass given by
M =
2µ
|X¨| (8Gµ− κ). (35)
The loop velocity at σ = 0 is v ' 1−κ2/8, so we can trans-
late the bound κ < 8Gµ into a bound on the pseudocusp
velocity. Doing so, we see that pseudocusps collapse to
form PBHs so long as their Lorentz factor obeys
γ ≥ 1
4Gµ
, (36)
in agreement with our simple estimate (13). Since pseudoc-
usps occur even more generically on loops than cusps
do [77], this result further enhances the PBH formation
rate.
Note that in writing the Taylor expansion (32) we have
assumed that the loop is smooth in the neighbourhood of
σ = 0, which precludes any discontinuities in the loop’s
tangent vector (commonly called kinks). However, it is
easy to convince oneself that kinks do not contribute to
PBH formation. A kink at some σk near σ = 0 would
make Eq. (34) a piecewise smooth function, with different
coefficients for each order in σ on either side of the kink.
Generically these coefficients are of the same order of mag-
nitude on both sides of the kink; there is nothing about
the kink which forces the O(σ) term in Eq. (34) to be
small, which is what we require for PBH formation. As we
have shown above, the smallness of this term is uniquely
associated with a large Lorentz factor, and therefore with
(pseudo)cusps.
Of course, this last argument depends strongly on the
Nambu-Goto approximation; in a full field-theoretic set-
ting one would expect kinks to carry gradient energy,
which may be sufficiently concentrated to satisfy the hoop
condition. However, one would only expect the gradient
energy to be large in a region of size comparable to the
string width δ, meaning the resulting PBH masses would
be near the minimal mass Mmin ∼ δ/G from Eq. (24).
For kinks, as for cusps, we can trust the Nambu-Goto
approximation so long as we consider PBHs with mass
M Mmin.
VII. BACKREACTION ON THE CUSP
One of the main assumptions of our analysis is that the
loop is described by the flat-space equations of motion (2)
right up to the instant of PBH formation. A more com-
plete analysis would account for the gravitational backre-
action of the loop on its own dynamics, which one would
expect to suppress the cusp. One might worry whether
this suppression is strong enough to prevent the PBH
from forming.
Significant evidence against this worry comes from the
extensive literature on cosmic-string backreaction [78–88],
in which numerous different approaches (both analytical
and numerical) have repeatedly shown that backreaction
does not prevent cusps from forming. There is general
agreement that cusps are suppressed to some degree by
backreaction, but that this suppression occurs gradually
over many loop oscillation periods, on a timescale of order
the loop decay time
tdecay ∼ `
Gµ
. (37)
7`/(Gµ)

loop decay timescale [Eq. (37)]
linear backreaction timescale (Sec. VII)
timescale for free-fall into PBH [Eq. (46)]
`

loop size (Sec. II)
loop oscillation period (Sec. II)
circular collapse timescale (Sec. III)
Gµ`
{
cusp collapse timescale [Eq. (40)]
circular-collapse PBH size (Sec. III)
(Gµ)2`

cusp-collapse PBH size [Eq. (22)]
cusp-collapse PBH QNM frequency [Eq. (60)]
frame-dragging due to PBH spin (Sec. IX)
(Gµ)3`
{
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Figure 4. A summary of the different scales in the cusp-collapse
problem, including references to the equation or section where
they first appear. In the Nambu-Goto approximation there
are only two dimensionful quantities: the string tension µ and
the loop length `. Since the string tension usually appears in
the dimensionless combination Gµ, all of the system’s time-
and length-scales can be written as (Gµ)p×` for some power p.
The fact that Gµ 1 means that there is a strong hierarchy
between these scales. Going beyond Nambu-Goto introduces
another dimensionful quantity with its own hierarchy of scales:
the string width δ ≈ (µ/~)−1/2. (Note that many of the scales
associated with δ here are lower limits on the loop size `; e.g.,
δ/(Gµ) is the smallest loop size for which the Nambu-Goto
approximation is valid.) These two sets of scales are shifted
relative to each other depending on `. More complicated com-
binations of ` and δ are of course possible; e.g., the evaporation
timescales for cusp-collapse and circular-collapse PBHs are
(Gµ)5`3/δ2 and (Gµ)2`3/δ2 respectively.
A serious problem with this argument is that essentially
all of the existing work on string backreaction has been
done in the weak-field limit, treating the string’s gravity as
a linear perturbation on the background spacetime. This
linearised approach is clearly unable to capture strong-
gravity effects such as PBH formation, which explains
why cusp collapse has not been identified previously.
We can reassure ourselves by considering the timescale
on which the PBH formation occurs. The velocity of the
string point σ = 0 at times near to the cusp, |t|  `, can
be written as
X˙c(t) = nˆ+ tX¨ +
1
2
t2
...
X +O(t3), (38)
with the corresponding Lorentz factor given by
γc(t) ' 2|t| |X¨+ − X¨−|
−1 ≈ `
pin¯|t| , (39)
where we have used the constraints (15), and the last
equality generally holds to within an order of magnitude.
Since PBH formation is associated with the Lorentz factor
growing above a certain threshold (36), we can estimate
the associated timescale by setting Eq. (39) equal to this
threshold, giving
∆tPBH ∼ Gµ`. (40)
This shows that the PBH is formed on an extremely
short timescale: shorter than the loop oscillation period
by a factor of Gµ, and shorter than the timescale for
linear backreaction by a factor of (Gµ)2. (See Fig. 4 for
an overview of the different time- and length-scales in
the loop-PBH system.) Even if nonlinear backreaction
is in principle strong enough to prevent the cusp from
forming, it seems unlikely that it can act on a short enough
timescale to do so, meaning that backreaction is unlikely
to prevent PBH formation.6
VIII. RADIATION FROM THE COLLAPSE
Our analysis thus far has neglected the effects of grav-
itational radiation during the collapse. Radiation is likely
to be important, as the collapse is ultrarelativistic and
highly nonspherical. In general, one would expect the
final mass, linear momentum, and angular momentum of
the PBH to be of the form
M = M0(1− M ), P = P0(1− P ), J = J0(1− J),
(41)
where a zero subscript denotes the naïve, zero-radiation
quantity calculated above, and the i are three numbers
6 See also Ref. [78], which examines backreaction on cusps without
resorting to linearised gravity, and argues geometrically that cusps
form “no matter how strong the gravitational field near a cusp”.
8between zero and unity, describing the efficiency with
which each quantity is radiated away. In the context of
circular loop collapse, Hawking [62] calculated a theoret-
ical upper bound on M of 1−
√
1/2 ≈ 29% by explicitly
constructing a marginally outer trapped surface in the
spacetime of the collapsing loop and requiring that this
surface be enclosed by the event horizon of the final PBH.
This argument depends heavily on the circular symmetry
of the loop, and no such construction seems possible in
our case.
Despite the lack of symmetries here, we can make some
interesting statements by requiring that the final PBH spin
χ = J/(GM2) be less than or equal to unity; otherwise
the PBH would be “overspun” to reveal a naked singularity,
violating cosmic censorship [89, 90]. Since χ0 = 2/3, we
can write
χ =
2
3
(1− J)
(1− M )2 ≤ 1. (42)
We see that, so long as J . 2M , the final spin parameter
of the PBH is larger than the naïve value 2/3, which shows
that the upper bound (42) is likely to be useful. In general,
we expect J . M ; see e.g. Ref. [91], in which the rate
at which loops radiate angular momentum is shown to be
typically an order of magnitude smaller than the rate at
which they radiate mass. If J = M , then Eq. (42) gives
M ≤ 1/3 ≈ 33%. (43)
In the limit where J → 0, the bound is even stronger,
M ≤ 1−
√
2/3 ≈ 18%. (44)
Since we expect 0 < J < M , the true upper bound for
cusp collapse is likely to lie somewhere between Eqs. (43)
and (44).
Interestingly, numerical relativity simulations of circular
loop collapse performed in Refs. [59, 60] found M . 2%,
well below Hawking’s bound. The authors suggest that
this is due to the symmetry of the circular collapse, which
means the horizon is nearly spherical when it first forms,
suppressing the total radiation. The initial horizon in our
case is likely to be highly distorted, meaning that M is
likely to be closer to its upper bound. Of course, it is
possible that cusp collapse radiates angular momentum
much more efficiently than is typical for loops as a whole,
in which case J could be larger than in Ref. [91]. It
would then be possible for M to be larger than the rough
bounds in Eqs. (43) and (44).
We note in passing that radiation of linear momentum
(P > 0) would lead to a “rocket effect” [92, 93], in which
the loop’s centre of mass is given a kick in the opposite
direction to the radiation. However, even if this process
is maximally efficient, the radiated momentum is at most
P0 ≈ GµMloop, so the maximum kick is v ≈ Gµ. This
pales in comparison to the rms velocity of points on the
loop, vrms =
√
1/2 ≈ 0.707, so the effect is of negligible
interest; radiation from elsewhere on the loop quickly
cancels out the kick.
IX. DYNAMICS OF THE LOOP-PBH SYSTEM
Once formed, the PBH is inextricably linked to the
surrounding string; the portion of the string enclosed
behind the horizon cannot escape, and the portion outside
the horizon is topologically forbidden from detaching
itself. Since the mass of our PBHs is smaller than that of
their parent loops by a factor of Gµ, we expect the loop
dynamics to be largely unaffected by the presence of the
PBH, at least on timescales ∼ `. In particular, this means
that despite its ultrarelativistic velocity, the PBH cannot
drag the rest of the loop along with it—instead, we expect
the loop’s tension to act on the PBH to decelerate it, and
for the loop to continue oscillating in essentially the same
motion as before. This could mean that cusp-collapse
PBHs do not trace the DM distribution, as their parent
loops could easily drag them out of DM haloes. (This
possibility was also pointed out in Ref. [94], albeit for a
different PBH formation scenario.)
Most cusp-collapse PBHs are very small, and decay
rapidly through Hawking radiation [5]. In particular,
the evaporation timescale for the minimum mass (24) is
≈ tP(MPBH/MP)3 ≈ 10−27 s×(Gµ/10−11)−3/2 [6, 95, 96].
It is unclear what effect the loop has on the evaporation
process, and vice versa. The PBH cannot maintain its
mass at the minimum value in Eq. (24) by accreting the
loop, since this would correspond to the loop losing mass
at a rate
dM
dt
≈
(
MP
MPBH
)2
MP
tP
≈ µ ≈ Mloop
`
, (45)
i.e. the loop would have to lose all of its mass within a
single oscillation period. This seems very unlikely, given
the limited gravitational influence of the PBH—the times-
cale for an object to free-fall from a distance ∼ ` into the
PBH is
tff ∼ `
3/2
√
GMPBH
≈ `
Gµ
, (46)
so even neglecting the loop’s kinetic energy, it would take
many oscillation periods for it to be accreted. We are
therefore forced to allow the PBH to decay to sizes smaller
than the loop width. It is hard to envisage a way for the
topologically-stable field configuration around the string
to be disrupted by the PBH evaporation, so the most
likely outcome seems to be that the PBH simply vanishes
from the loop.7
PBHs larger than M∗ ≈ 5 × 1014 g ≈ 3 × 10−19M
evaporate very slowly, and lose a negligible fraction of
7 Refs. [97, 98] found that abelian-Higgs string-BH systems can
exhibit interesting “flux expulsion” effects when the BH is smaller
than the string width; however, these results are only valid for
extremal Kerr and Reissner-Nordström BHs, and it is not clear
whether they have any bearing on our sub-extremal PBHs, or on
the evaporation process.
9their mass within a Hubble time [99]. It is therefore
interesting to consider how these non-evaporating PBHs
interact with their parent loops on cosmological timescales.
For the simplest case of an infinitely long straight string,
explicit solutions for the metric of a BH threaded by a
cosmic string have been constructed for the Nambu-Goto
case [100] and for abelian-Higgs strings [97, 98, 101–104].
For solutions where the BH is rotating, the string is
assumed to be aligned with the spin axis. In each case the
solution is static, and the string represents a form of stable
long-range hair on the BH. Since the string is static, its
only gravitational effect is to induce a conical singularity
along its axis, with a deficit angle ∼ Gµ [105, 106]. This
deficit angle means that the string-BH solution is not
asymptotically flat, which explains how it evades the no-
hair theorem [107, 108]. The deficit angle can also modify
the BH’s quasi-normal mode spectrum [109, 110].
The relevance of these results is somewhat limited in
our case, as the string emanating from the PBH is not
static, but continues to oscillate relativistically. Perhaps
even more importantly, the string is not locally aligned
with the PBH’s spin axis, so does not puncture the PBH
at its poles like in Refs. [97, 98, 100–104]. Instead, due
to the geometry of the cusp, the two points where the
string punctures the horizon lie in—or very close to—the
equatorial plane, and are separated by a small angle ∼ Gµ
(as we showed in Sec. V). Being in the equatorial plane,
one would expect relativistic frame-dragging to pull the
string into a spiral configuration around the PBH spin
axis on scales ∼ GMPBH. (On larger scales ∼ `, the string
tension easily overcomes the frame-dragging forces.) This
spiralling of the string around the PBH, combined with
the very small separation between the two points at which
it punctures the horizon, makes it seem likely that the
string intersects itself near to the PBH. The PBH would
thus be chopped off from the rest of the loop, leaving it
with only a small segment of string still attached, which
it would rapidly accrete. For sufficiently small loops, we
have shown in Eq. (31) that the PBH is likely to be
immediately chopped off at the moment of formation.
It is interesting to ask whether two PBHs connec-
ted to the same loop could have a greater chance of
merging due to the loop dynamics; a similar effect has
been demonstrated for the annihilation of monopole-
antimonopole pairs connected by strings (so-called “cos-
mic necklaces”) [111, 112]. However, the two PBHs would
likely be separated by a distance ∼ ` much larger than
their size, so based on the discussion above we would
expect the PBHs to be chopped off before the loop has
the chance to pull them together.
There are clearly many uncertainties in how cusp-
collapse PBHs affect the loop network, but our very rough
arguments here suggest that small PBHs rapidly evapor-
ate to leave the loop essentially unchanged (although its
dynamics are affected by the radiation), while large PBHs
are likely to be cut off from loop by string self-intersections
on small lengthscales ∼ GMPBH ∼ (Gµ)2`.
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Figure 5. The present-day PBH mass spectrum (52) for three
models of the cosmic string loop network with Gµ = 10−11.
The solid and dashed lines correspond to PBHs formed in
the radiation and matter eras respectively. The cutoffs at
small and large masses are given by Eqs. (24) and (49). The
magenta region represents PBHs which have evaporated by
the present day. The grey region corresponds to there being
less than one PBH of that mass in the observable Universe.
X. THE PBH MASS SPECTRUM
Cosmic string loops typically form one cusp per os-
cillation period, which means that cusp-collapse PBHs
are continuously created by the loop network, from the
very early Universe to the present day, resulting in a very
broad distribution of PBH masses. This contrasts sharply
with the standard PBH formation scenario, where the
collapse typically occurs at a single early epoch, resulting
in a monochromatic PBH mass spectrum.
We can write the comoving number density of cusp-
collapse PBHs with mass between M and M + dM as
nPBH(M, t) dM =
∫ t
0
dt′
2Ncusp
`M
nloop(`M , t
′) d`M ,
(47)
where t is cosmic time, Ncusp is the average number of
cusps per loop oscillation period, nloop(`, t) d` is the co-
moving number density of loops with length between ` and
`+ d`, and `M ≈M/(Gµ2) is the loop length required to
form a PBH of massM . We assume Ncusp = 1, consistent
with much of the literature on cosmic string phenomen-
ology, particularly regarding GW searches [55, 57]. The
factor of 2/`M here accounts for the oscillation period of
the loop which forms the PBH. Since `M corresponds
to a fixed physical (rather than comoving) scale, PBH
production only begins once this scale has entered the
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horizon. This happens at cosmic time
ti(M) ≈ `M ≈ 2 Gyr× M
M
×
(
Gµ
10−11
)−2
, (48)
which means that the largest PBHs form at the present
day, with
Mmax ≈ 10M ×
(
Gµ
10−11
)−2
. (49)
The loop distribution usually evolves toward a scaling
solution [113],
nloop(`, t) =
a3(t)
t4
F(γ), (50)
where the distribution function F depends only on the
dimensionless length γ ≡ `/t. There are three widely-
used models for the distribution function: the one-scale
model of Refs. [46, 114]; the model of Ref. [115], which
is calibrated to numerical simulations; and the model
of Refs. [116, 117], which is calibrated to a different set
of simulations, and includes additional modelling of the
effects of backreaction on the loops. Following Refs. [55,
57], we refer to these as “model 1,” “model 2,” and “model
3” respectively. Model 1 is widely considered obsolete, as
it is incompatible with both of the main sets of Nambu-
Goto network simulations [115, 116]; however, we include
it here for completeness.
The present-day PBH abundance is conveniently ex-
pressed in terms of
f(M) ≡ 1
ρCDM
dρPBH
d(lnM)
=
M2nPBH(M)
ρCDM
, (51)
which gives the energy density of PBHs in a logarithmic
mass interval as a fraction of the total energy density in
cold DM, ρCDM. For cusp collapse, this fraction is given
by
f(M) =
2NcuspM
ρCDM
∫ t0
0
dt
a3(t)
t4
F
(
M
Gµ2t
)
. (52)
In general the integral in Eq. (52) is broken into two
parts, corresponding to the different scaling solutions in
the matter and radiation eras.
Eq. (52) does not include evaporation due to Hawking
radiation, and is therefore only valid for masses greater
than M∗ ≈ 5× 1014 g ≈ 3× 10−19M, with PBHs lighter
than this evaporating in less than a Hubble time [99].
Nonetheless, the form of f(M) for masses below M∗ can
be useful for deriving constraints on the overall mass
spectrum due to evaporation effects. For small masses in
the radiation era, Eq. (52) approaches a time-independent
power law
f(M) = f∗(M/M∗)−1/2, (53)
with f∗ a constant depending on Gµ and on the network
model. The negative exponent means that the mass spec-
trum is dominated by very small PBHs, and that the
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Figure 6. The location of various primordial and astrophys-
ical BH populations in the Regge plane (BH mass-spin para-
meter space). Blue crosses show the initial and final BHs for
each of the ten binary BH mergers in LIGO/Virgo’s first GW
Transient Catalogue (GWTC-1) [26]; the spin distribution is
noticeably bimodal, with initial BHs having low spins χ . 0.2
and final BHs have large spins χ ≈ 0.7. (The spins of the
initial BHs are not confidently measured in GWTC-1, so the
spin values and uncertainties plotted here are merely heur-
istic and are estimated from the inspiralling binary’s effective
aligned spin χeff .) Green crosses show the SMBHs catalogued
in Ref. [118]. The grey region shows the expected parameter
space for “conventional” PBHs formed from overdensities col-
lapsing during radiation domination, including the effects of
accretion as calculated in Ref. [119]. The magenta region
shows a possible population of near-extremal PBHs formed
during a period of early matter domination. The red region
shows cusp-collapse PBHs, shaded according to their mass
spectrum for Gµ = 10−11, cf. Fig. 5. The vast majority of
cusp-collapse PBHs have very low massM M, but a small
number of solar-mass PBHs can be formed in this way. All of
the PBH populations are cut off at M∗ ≈ 3× 10−19M, due
to evaporation through Hawking radiation.
strongest constraints on cusp collapse come from their
evaporation. In fact, Eq. (53) has the same power law as
the mass spectrum resulting from the collapse of circu-
lar loops [67, 68], but with a different pre-factor. In the
circular collapse case, the pre-factor depends on the frac-
tion of circular loops, which is unknown; in our case, the
pre-factor depends only on Gµ, which we can therefore
constrain directly. Using the most up-to-date constraints
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Figure 7. A heuristic illustration of the different GW signals
from collapsing and non-collapsing cusps. Shown in blue is
the standard time-domain cusp waveform (57) from Ref. [76],
which is symmetric around the peak. The cusp collapse wave-
form, in red, is truncated just before the peak, and eventually
culminates in the QNM ringing of the final PBH. The uncer-
tain period inbetween is denoted with a question mark. Note
that the QNM frequency (60) is much higher than depicted
here, and that this figure is only for illustrative purposes.
from Ref. [68], we find8
Gµ <

1.3× 10−11 for model 1,
3.9× 10−11 for model 2,
1.2× 10−11 for model 3,
(54)
which in turn gives a constraint on the total fraction of
DM made up by cusp-collapse PBHs,
ρPBH
ρCDM
≡
∫ ∞
M∗
dM
f(M)
M
<

1.5× 10−6 for model 1,
3.0× 10−7 for model 2,
1.2× 10−5 for model 3.
(55)
It is interesting to note that the constraint (54) on Gµ
is almost independent of the network model, in stark
contrast with, e.g., the LIGO constraints in Table I. This
constraint is set by the damping of small-scale CMB
anisotropies due to PBHs decaying at recombination [120,
121], and is orders of magnitude stronger than the γ-ray
constraint [68]. It is likely to become more stringent with
8 The constraints in Ref. [68] are phrased in terms of a nor-
malisation constant cstring, with the CMB constraint giving
cstring < 2 × 10−12. This constraint can be translated to
our mass spectrum (53) using cstring = 2f∗ρCDM/ρcrit, where
ρcrit = 3H
2
0/(8piG) is the critical cosmological energy density.
future CMB missions, and with similar analyses from
upcoming 21cm experiments [122, 123].
XI. A UNIQUE BH POPULATION
We have shown that cusp-collapse PBHs are universally
formed with dimensionless spins of χ = 2/3, regardless
of the loop size ` or the string tension Gµ.9 For suffi-
ciently large masses M  M∗, this initial spin value is
not affected by Hawking radiation, and survives to the
present day [124]. This is interesting because it means
that cusp-collapse PBHs occupy a unique region of the
“Regge plane” [125–127] (i.e., the BH mass-spin parameter
space), as we illustrate in Fig 6.
Spins of χ ≈ 2/3 are common amongst astrophys-
ical BHs. In particular, this is a very natural value for
BHs formed from binary mergers like those observed by
LIGO/Virgo [26]; the majority of such binaries are ap-
proximately equal-mass with small initial spins [128, 129],
which correspond to final spins of χ ≈ 0.687 [130]. SMBHs
in active galactic nuclei are also observed to have large
spins χ & 0.6, due to accretion and prior mergers [118].
However, such astrophysical processes are unable to cre-
ate subsolar mass BHs, which dominate the cusp-collapse
PBH mass spectrum for realistic values of Gµ, cf. Fig. 5.
On the other hand, subsolar masses are generally pos-
sible in other PBH formation mechanisms, but these mech-
anisms are unable to generate spins χ ≈ 2/3 like those
resulting from cusp collapse. “Conventional” PBHs formed
from collapsing overdensities during radiation domination
are typically born with small spins of order χ ∼ 0.01 [131–
133]. These initially low-spinning PBHs can acquire large
spins through accretion, saturating the Thorne bound
χ ≈ 0.998 [134], but this process only takes place within
a Hubble time if the PBHs in question are sufficiently
massive, M & 50M [119]. Subsolar mass PBHs are
extremely inefficient at accreting matter, and remain es-
sentially non-spinning.
Subsolar mass PBHs can have large spins if they form
from collapsing overdensities during a hypothetical period
of early matter domination [135–137], as radiation pres-
sure is then unable to dissipate angular momentum during
the collapse. However, these PBHs are expected to have
near-extremal spins χ ≈ 1, which are easily distinguish-
able from the χ = 2/3 prediction of cusp collapse.
We therefore see that any observation of a subsolar
mass BH with a large (but non-extremal) spin χ ≈ 2/3
would be incompatible with any of the other BH formation
mechanisms mentioned here, and would be a “smoking
gun” signature of cusp collapse, and of cosmic strings
more generally.
9 Note that this is the “naïve” zero-radiation value, and that a fully
general-relativistic calculation would likely give a different value
for the final spin. However, our argument in this section still
holds, provided that the true value of χ is significantly larger
than zero and less than unity.
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Figure 8. The logarithmic one-sided GW energy spectrum as
a fraction of the loop mass for cusps with and without collapse
on a loop of length ` = 1pc, as given by Eqs. (62) and (63)
respectively. The cusp-collapse spectrum is smaller than that
of a non-collapsing cusp by a factor of 1/4 at low frequencies,
has a strong peak at very high frequencies due to the QNM
ringing of the PBH, and then decays like ∼ 1/f (which is
faster than the ∼ 1/f1/3 cusp power law). There is a hard
cutoff at low frequencies due to the fundamental mode of the
loop, f0 = 2/`.
XII. CONSEQUENCES FOR GW SEARCHES
Cusps emit strong burst of GWs, and are promising po-
tential sources for ground-based GW interferometers like
LIGO/Virgo [55] and future space-based interferometers
like LISA [57]. It is therefore important to understand
how PBH formation affects the GW emission from the
cusp.
The standard frequency-domain cusp waveform is de-
rived in detail in Ref. [76]. While the low-frequency part
of the waveform depends on the exact configuration of the
loop, at high frequencies there is a universal power-law
behaviour,
h˜(f) ' Af Gµ`
2/3
r|f |4/3 , |f |  2/`, (56)
where Af ≈ 0.851 is a numerical constant. The emitted
GWs are linearly polarised, and concentrated into a narrow
beam of width θb ' 22/33−1/6(|f |`)−1/3. In the time
domain, the GW strain near the time of the peak t0 can
be approximated by
h(t) ' −AtGµ`
2/3
r
|t− t0|1/3, |t− t0|  `/2, (57)
with At ≈ 11.0.
As a first approximation, we can model the effects of
cusp collapse by truncating the standard time-domain
waveform (57) at some time tPBH < t0 when the horizon
forms. In the limit tPBH → t0 where the PBH forms at the
peak of the cusp signal, the resulting frequency-domain
waveform is exactly half of the standard one (56), with
the other half corresponding to the truncated part of the
signal at t ≥ t0. Based on the discussion around Eq. (40),
we expect t0 − tPBH ∼ Gµ`  `/2, so the waveform is
truncated slightly before t0, as shown in Fig. 7. This leads
to a loss of power at frequencies above fPBH ∼ 1/(Gµ`).
A further contribution to the signal comes from the
quasinormal ringing of the PBH. We can describe this
very approximately by including only the leading-order
(`,m, n) = (2, 2, 0) quasinormal mode (QNM), writing
h(t) ≈ CGMPBH
r
exp[i(ωt+ φ)− t/τ ], (58)
where C and φ are unknown real constants. Using the
fitting formulae in Ref. [138], we take the real and ima-
ginary parts of the (2, 2, 0) QNM for a PBH with spin
χ = 2/3 as
ω ≈ 0.5214/(GMPBH), 1/τ ≈ 0.1715/(GMPBH). (59)
Since GMPBH ≈ (Gµ)2`, we see that the ringdown signal
is associated with extremely high frequencies,
ω ≈ 5.066× 1013 Hz×
(
`
pc
)−1(
Gµ
10−11
)−2
. (60)
Our ignorance about the exact details of the collapse
means that we cannot hope to construct an accurate phase-
coherent waveform like those in Refs. [59, 60]. However,
by accounting for the truncation of the cusp signal and the
PBH ringdown, we can obtain a reasonable approximation
to the (logarithmic, one-sided) GW energy spectrum,
gw(f, `) ≡ 1
µ`
dEgw
d(ln f)
=
pir2f3
4Gµ`
∫
S2
d2rˆ
(
|h˜(f)|2 + |h˜(−f)|2
)
,
(61)
which we have normalised with respect to the mass of the
loop. For the standard waveform (56) this is
gw(f, `) ' (2/3)1/3pi2A2fGµ(f`)−1/3, (62)
where we have accounted for the beaming, which intro-
duces a factor of piθ2b. For the cusp collapse case, we have
instead
gw ≈ (2/3)
1/3
4
pi2A2fGµ(f`)
−1/3Θ(ω − 2pif)
+
C2`
4
(pifGµ)3
[L2(2pif ;ω, 1τ )+ L2(2pif ;−ω, 1τ )],
(63)
where the first part is reduced by a factor 1/4 compared
to Eq. (62) (due to a factor 1/2 in each power of the
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strain) and is truncated at the QNM frequency (60) by
the step function Θ, while the second part is the ringdown
contribution, written in terms of the Lorentzian
L(x;x0, γ) ≡ γ/pi
γ2 + (x− x0)2 . (64)
We can fix the constant C by setting the total energy
radiated by the ringdown term equal to GµM , where M
is the collapse radiation efficiency introduced in Eq. (41).
(The factor Gµ translates between the loop’s mass and
the PBH’s mass, with M defined as a fraction of the
latter.) This gives
C =
√
64piM
1 + ω2τ2
τ
GMPBH
≈ 10.70× 1/2M . (65)
We assume a value of M = 10%, which is consistent with
the upper bounds (43) and (44), and is comparable to the
mass-radiation fraction found in numerical simulations
of other ultrarelativistic, strong-gravity phenomena [139,
140]. The resulting GW energy spectrum is shown in
Fig. 8. The total fraction of the loop’s mass radiated by
the cusp is approximately∫ ∞
2/`
df
f
gw ≈
{
14.9Gµ cusp,
(3.71 + M )Gµ cusp collapse,
(66)
which shows that the radiation from collapsing cusps
is comparable to, but strictly less than, that from non-
collapsing cusps.
The combined GW emission from many loops through-
out cosmic history gives rise to a stochastic GW back-
ground (SGWB) [54–57, 76, 92, 93, 115, 141–166]. The
intensity of the SGWB is usually expressed as a function
of frequency in terms of the density parameter,
Ωgw(f) ≡ 1
ρcrit
dρgw
d(ln f)
, (67)
which for cosmic string cusps is given by
Ωgw(f) =
16pi
3H20
GµNcusp
∫
dt
a4
t3
∫
dγ F(γ)gw(f/a, γt).
(68)
We account for cusp collapse by integrating over the GW
energy spectrum (63). A representative example of the
resulting SGWB spectrum is shown in Fig. 9. At low
frequencies Ωgw is reduced by a factor of 1/4 compared to
the standard spectrum, which relaxes the constraints on
Gµ coming from LIGO [56] and from PTAs [51–54]. At
frequencies above the LIGO/Virgo sensitivity band this
factor 1/4 difference vanishes, as the signal is dominated
by loops which are too small to undergo cusp collapse.
At very high frequencies the QNM emission from PBHs
forming in the matter era gives rise to a strong peak, but
this is dwarfed by the radiation-era plateau, making it
unobservable.
In Tables I, II, and III we present updated bounds on
Gµ from SGWB searches with LIGO and with PTAs, as
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Figure 9. The SGWB spectrum from cusps on cosmic string
loops. Solid lines include the effects of cusp collapse using
Eq. (63), while dotted lines correspond to the standard case
without collapse (62). The magenta curve shows the power-
law-integrated sensitivity curve [167] from the LIGO O1+O2
isotropic stochastic search [56], which is publicly available at
Ref. [168]. We use model 3 of the loop network [116, 117]
with Gµ = 10−13 and M = 10%; this value of Gµ is chosen
to illustrate how the LIGO constraint for model 3 is relaxed
by the factor 1/4 reduction in power around the peak in the
spectrum, which is what drives the constraint in the standard
case. Note that we do not include kinks or kink-kink collisions
here, which is why the upper limit for model 3 with cusp
collapse in Table I are slightly stronger than Gµ = 10−13.
well as updated forecasts for LISA, accounting for the
modified GW emission due to cusp collapse. We include
GW emission from kinks and kink-kink collisions, which
occur Nkink = 4.53 and Nkink-kink = N2kink/4 times per
oscillation period, respectively.10 The reduction in GW
power at low frequencies due to cusp collapse relaxes the
bounds for all of the loop network models in both fre-
quency bands, by a factor between ≈ 2 and ≈ 13. The
PTA bounds are slightly weaker than those in Eq. (54) for
all three network models, making our new PBH evapora-
tion bounds the strongest constraints on Gµ for models
1 and 2. As before, LIGO gives by far the strongest
bound for model 3, but is not competitive for the other
two models; this is due to the matter-era peak in the
SGWB spectrum for model 3, which happens to fall in
the LIGO/Virgo frequency band, as shown in Fig. 9.
10 This value of Nkink is required when Ncusp = 1 to ensure the
total GW power is consistent with that used in the loop network
models—see Eqs. (A.9)–(A.11) of Ref. [57] for more details. The
expression for Nkink-kink is due to there being equal numbers of
left- and right-moving kinks, with each left-mover colliding with
every right-mover once per loop oscillation, and vice versa.
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Table I. Upper limits (95% confidence) on Gµ from the LIGO
O1+O2 isotropic stochastic search [56, 168] for each of the three
loop network models, with and without cusp collapse. These
limits are stronger than those from the LIGO/Virgo search
for resolvable GW bursts from cosmic strings [55, 169, 170].
We derive the limits by comparing the O1+O2 power-law-
integrated sensitivity curve [167] from Ref. [168] with our
calculated spectra, including kinks and kink-kink collisions
as described in the main text. This prescription is slightly
different to that used in Ref. [56], with a greater number
of kinks and kink-kink collisions, which is why the limits
for models 2 and 3 are slightly stronger than those reported
there. No limits for model 1 were reported in Ref. [56], due
to that model being disfavoured by numerical simulations, as
mentioned previously.
Gµ bounds without cusp collapse with cusp collapse
model 1 1.5× 10−9 1.9× 10−8
model 2 1.2× 10−7 1.5× 10−6
model 3 1.9× 10−14 7.1× 10−14
Table II. Upper limits (95% confidence) on Gµ from the
Parkes Pulsar Timing Array [51, 52, 54] for each of the three
loop network models, with and without cusp collapse. These
limits are stronger than those from NANOGrav and from the
European Pulsar Timing Array [53].
Gµ bounds without cusp collapse with cusp collapse
model 1 8.0× 10−12 1.6× 10−11
model 2 3.1× 10−11 8.0× 10−11
model 3 1.3× 10−11 2.8× 10−11
Table III. Forecast upper limits (95% confidence) on Gµ from
LISA [72]. We use the LISA power-law-integrated sensitivity
curve [171, 172], and assume a 75% observing duty cycle over
the nominal 4-year mission, giving a 3-year dataset.
Gµ bounds without cusp collapse with cusp collapse
model 1 5.7× 10−18 1.1× 10−17
model 2 2.0× 10−17 4.9× 10−17
model 3 2.0× 10−17 4.3× 10−17
XIII. SUMMARY AND CONCLUSION
We have shown that cusps (and pseudocusps) on cos-
mic string loops satisfy the hoop condition (9), and are
therefore predicted to undergo gravitational collapse to
form PBHs.11 Since cusps are generic, forming typically
11 Of course, while extremely successful and useful, the hoop con-
jecture is only a conjecture. In the (seemingly unlikely) case that
cusps do not collapse in general relativity, they would constitute
the first known counterexample to the hoop conjecture, which
would itself be of fundamental importance.
once per loop oscillation, this implies that the rate of
PBH production from cosmic strings has been drastically
underestimated in the literature, where for decades it has
been assumed that the main mechanism for PBH forma-
tion from cosmic strings is through the collapse of very
rare (quasi)circular loops [58–68]. While our analysis is
based on the flat-space equations of motion (2), we have
argued that gravitational backreaction acts far too slowly
to prevent the collapse.
We have argued that, due to the unstable configuration
of the parent loop near the horizon, large cusp-collapse
PBHs are likely to be rapidly cut off from the loop network
by string self-intersection. The majority of cusp-collapse
PBHs, however, are extremely small, and evaporate on
short timescales. These evaporating PBHs are strongly
constrained by their damping of small-scale CMB an-
isotropies [68, 120, 121], which leads to a stringent and
nearly model-independent bound on the string tension,
Gµ . 10−11. This in turn implies that cusp-collapse
PBHs can only make up a small fraction of the DM.
By calculating the angular momentum of the string
segment captured behind the horizon, we have shown that
cusp-collapse PBHs are highly spinning, with dimension-
less spin parameter equal to two-thirds of the extremal
Kerr value, χ = 2/3. This spin is a universal property
of the formation mechanism, and is independent of the
loop size ` and string tension Gµ. To the best of our
knowledge, cusp collapse is the only known primordial
or astrophysical mechanism for generating subsolar-mass
BHs with large but sub-extremal spins. The observation
of such a BH would therefore be a “smoking gun” signal
of cusp collapse, and of cosmic strings more generally.
In the absence of exact solutions for the collapse, we
have developed a simple approximation for the expec-
ted GW signal, based on the standard cusp waveform
of Ref. [76]. At low frequencies, the radiated GW en-
ergy spectrum is reduced by a factor of 1/4 compared
to the standard cusp waveform, due to the truncation of
the signal at, or just before, the peak of the cusp. At
high frequencies, there is a strong contribution due to
the QNM ringing of the newly-formed PBH. Integrating
this GW emission over the cosmic string loop distribu-
tion, we have obtained updated predictions for the SGWB
spectrum. The reduction of the SGWB intensity at fre-
quencies probed by LIGO/Virgo, LISA, and PTAs relaxes
present and future constraints on Gµ by a factor between
≈ 2 and ≈ 13, depending on the GW frequency band and
the loop network model. The resulting constraints from
PTAs [51–54] are slightly weaker than those we derive
from PBH evaporation, meaning that the latter are now
the strongest observational bounds of any kind on models
1 and 2. The LIGO O1+O2 stochastic search [55, 56]
still provides by far the strongest constraint for model 3
(Gµ < 7.1× 10−14), but is not competitive for models 1
and 2.
The results presented here constitute a significant de-
velopment in our understanding of the dynamics of cosmic
string loops, and of the observational and cosmological
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consequences of loop networks. This opens up several
avenues for further research. In particular, it seems im-
portant to develop a full description of the collapse, going
beyond the flat-space equations of motion for the loop.
As in the case of circular loop collapse, fully general-
relativistic calculations—whether analytical [62] or nu-
merical [59, 60]—will be necessary to better understand
the GW emission and the final properties of the PBHs.
This is likely to be extremely challenging however, due to
the ultrarelativistic velocities involved, the lack of isomet-
ries, and the huge ratio of scales (see Fig. 4). It would
also be very interesting to calculate the merger rate of
cusp-collapse PBH binaries, as well as the corresponding
SGWB spectrum [16, 18, 173–176], as consistency with
LIGO/Virgo observations (in particular the subsolar-mass
search [177–180]) would provide another independent con-
straint on the string tension; we leave this for future
work.
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